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Absolute and differential fluctuations and local voidage
fluctuations are commonly used in characterizing gas-flui-
dized beds. Pressure fluctuations can result from several dif-
ferent causes including bubble formation and eruption, self-
excited oscillations of fluidized particles, pressure oscillations
in the plenum chamber due to piston-like motion of the bed,
bubble coalescence, and bubble splitting (Bi et al, 1995).
Pressure waves from these sources can be propagated through
the emulsion phase, although the amplitudes of the signals
are attenuated during their propagation (Bi et al., 1995).
Therefore, an absolute pressure probe records phenomena
on a macroscopic scale from other locations in addition to
local variations. Differential pressure measurements can, to a
limited extent, filter out pressure waves originating outside
the interval between the two ports connected to the differen-
tial pressure transducer, that is, measurements are on a
meso-scale, Voidage probes reflect local (that is, microscale)
voidage variations caused by bubble passage and the particle
movement of the emulsion phase. The amplitude of local
voidage fluctuations is independent of bubble size, uniike
pressure fluctuations whose amplitude increases with bubble
size. Previous studies (Bi et al., 1995; Bi and Grace, 1995)
have shown that statistical characteristics (such as standard
deviation, skewness, dominant frequency, probability distri-
bution) calculated from these three types of signals differ sig-
nificantly from one another.

In recent years, the application of deterministic chaos the-
ory to fluidized beds has been pioneered by several research
groups (such as Daw and Halow, 1991; van den Bleek and
Schouten, 1993; Skrzycke et al., 1993; Halow and Daw, 1994;
van der Stappen et al., 1995). Analysis of pressure fluctuation
signals (such as the phase-space portrait, Lyapunov exponent,
correlation dimension, and Kolmogorov entropy) has pro-
vided evidence that gas-solids fluidized beds are determinis-
tic chaotic systems. The correlation dimension of the time
series has been calculated based on time series from absolute
(van der Stappen et al, 1993) and differential (Daw and
Halow, 1991) pressure fluctuation measurements. In view of
the different information contained in time traces of absolute
and differential pressure and local voidage, this article exam-
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ines the chaotic characteristics of signals from these three
measurement methods based on analysis of signals recorded
simultaneously in gas-solids fluidized beds.

Experiments

The experiments were carried out in a 102-mm-dia. col-
umn described previously (Bi and Grace, 1995). Both FCC
particles of d =60 um, p,=1,580 kg/m* and sand particles
of d =214 p,m pp = 2,640 kg/m> were used in the tests with
the statlc bed height maintained at 0.6 m for all tests. (d is
the mean particle diameter and p, is the particle dens1ty)
Three gas velocities were used, corresponding to different
flow regimes. Pressure fluctuations were measured from ports
on the wall of the column using Omega PX162 pressure
transducers. A low-pass filter eliminates signals with frequen-
cies above 20 Hz. Absolute pressure fluctuations and local
voidages were measured 0.28 m above the distributor, while
differential pressure fluctuations were measured across an
interval from 0.20 to 0.41 m above the distributor. The opti-
cal probe (see Zhou et al., 1994 for details) was located with
its 1.5 mm tip on the axis of the column. All signals were
sampled by a digital data logging system (12 bit DAS 8 A/D
board, Labtech Notebook data acquisition software) at a fre-
quency of 100 Hz for intervals of 40 s. A low-pass filter set at
20 Hz was used in the pressure fluctuation measurements,
and each data set was numerically smoothed to eliminate
small amplitude high frequency noise components before data
analysis.

Results and Discussion
Power spectra

The power spectrum of a chaotic time series is quite differ-
ent from those of periodic and quasi-periodic time series. The
former has a continuous, broad band noise-like spectrum. S
is the power spectrum intensity. Beyond a certain frequency
(f, Hz) range the power spectrum intensity decays with fre-
quency, obeying a power law
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Figure 1. Power spectrum distribution of absolute and
differential pressure fluctuations and of tocal
voidage fluctuations for (a) FCC particles, and
(b) sand patticles.

(Moon, 1992). A large value of the exponent K indicates that
the intensity drops quickly with little high frequency content
and lower fractal dimension (Xia et al., 1992; Drahos et al.,
1992; Bai et al.,, 1996a). Power spectra were calculated for
the three types of fluctuation signals using normalized mea-
surements, that is, the mean was subtracted followed by divi-
sion by the standard deviation. Figure 1 shows that for both
types of particle the power spectral distributions of the three
types of fluctuation signals are similar at a low superficial gas
velocity u of 0.17 m/s, while there are greater differences for
U=08m/s.

Figure 2 shows the effect of superficial gas velocity on K
from the three different types of signals. Values of K from
absolute and differential pressure fluctuations are seen to be
quite close to each other and, except at very low U, to be
higher than K derived from local voidage fluctuations (that
is, optical probe signals), implying that the latter contain less
high frequency content than absolute and differential pres-
sure fluctuations.
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Figure 2. Effects of superficial gas velocity and mea-
surement method on decay constant K for
FCC particles.
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Lyapunov exponent

Chaotic systems are sensitive to initial conditions. Small
initial uncertainties or disturbances cause the system dynam-
ics to be totally unpredictable beyond a certain time. The
Lyapunov exponents measure the rates at which system pro-
cesses create or destroy information. Any system with at least
one positive Lyapunov exponent is defined as chaotic (Moon,
1992; Mullin, 1993).

Of several methods available in the literature for estimat-
ing the largest Lyapunov exponent (Sano and Sawada, 1985;
Sato et al., 1987; Zeng et al., 1991), the method of Wolf et al.
(1985) was adopted in this work. Details are provided by Wolf
et al. (1985), Mullin (1993), and, for fluidization, by Hay et al.
(1995). As stressed by Wolf et al. (1985), to reduce the influ-
ence of noise, points with a distance greater than some pre-
determined noise threshold are selected on a trajectory of
the phase portrait embedded in a d-dimensional phase space.
Since the noise scale is unknown in advance, the threshold
length was adjusted in this study until a relatively constant
estimate of the largest Lyapunov exponent was achieved. The
calculations demonstrated that the estimates of the Lyapunov
exponent became almost constant when evolution time was
increased. The largest Lyapunov exponents were then ob-
tained by averaging estimates at several higher evolution
times, and the error bands were taken from the maximum
and minimum values at the same time. Figure 3 shows the
estimated largest Lyapunov exponents for the two types of
particle based on the three different measured signals at three
superficial gas velocities. The positive Lyapunov exponents
help confirm that the systems are chaotic. The minima in the
Lyapunov exponent curves may correspond to transition from
bubbling to turbulent fluidization. A similar trend was re-
ported by Daw and Halow (1991) for the Kolmogorov en-
tropy, a measure equivalent to the Lyapunov exponent. We
have also found similar trends with respect to Kolmogorov
entropies calculated from the same raw data (Bai et al,
1996b).
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. Effect of gas velocity and measurement
method on the Lyapunov exponent for FCC
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symbols).

aP denotes absolute pressure; dP stands for differential
pressure; OP indicates optical probe measurements.
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Note that the Lyapunov exponents for the same gas veloc-
ity differ for the three types of signals. The fluctuating pres-
sure signals seem to be most sensitive to initial conditions,
judging from their highest values of the Lyapunov exponent.
The exponent is generally lowest for the optical probe, which
detects local voidage signals that appear to be less complex
than the more broadly based pressure fluctuations signals.

Correlation dimension

Several fractal dimensions have been proposed in the liter-
ature including the capacity dimension, information dimen-
sion and correlation dimension (Moon, 1992). For time-series
analysis, the correlation dimension is commonly used. For a
time series x; (i=1to N), we can reconstruct a d-dimen-
sional space with M points {X;} in the phase space. M is the
length of vector X; and N is the number of points. The dis-
tances between pairs of points, || X; — X; |l can then be cal-
culated (i and j are integers). A correlation integral is next
defined (Grassberger and Procaccia, 1983)

1
C(r)= lim — {number of pairs of points (i, j)
M-ox M-

with distance || X; — X; Il <r} (2)

where X, is the d-dimensional reconstructive vector, defined
as

X,={xi,x,~+7,...,xi+(d__l),} (i=1,2,...,M) (3)

It can be shown that C(r) is proportional to r°¢ when r, the
radius of the hypersphere, is small compared with the size of
the attractor. The correlation dimension is then defined as

InC(r)
D, = lim
r-0 Inr

4

The usual practice is to select random pairs of (X;, X)). A
plot of log(C(r)) vs. log(r) is then produced for a given em-
bedding dimension, and the correlation dimension is calcu-
lated from the slope of the linear part. The embedding di-
mension of the attractor is then increased and another corre-
lation dimension is calculated. The slope or correlation di-
mension becomes independent of embedding dimension when
the latter is sufficiently large.

To calculate the correlation integral from Eq. 2 and to
evaluate the correlation dimension using Eq. 4, several as-
pects need to be considered:

(a) Number of Data Points. The number of data points is
an important parameter which has been subject to debate
(van den Bleek and Schouten, 1993; Schouten et al., 1994). A
sufficient number of points is needed to ensure accuracy. A
number of authors have shown that 4,000 to 10,000 points are
generally sufficient for multiphase flow systems. In a bubble
column, Drahos et al. (1992) found 3,000 points to be suffi-
cient, while Hay et al. (1995) found 5,000 points to be suffi-
cient for bubbling fluidized beds. In our cases, reasonable
estimates of the correlation dimension could be reached us-
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ing 4,000 data points as long as the vector size was suffi-
ciently large (i.e., M =1,000). This number also satisfies the
criterion proposed by Ruelle (1990) that 1029 points are
required. Greater precision in the D, values could have been
obtained, however, by taking a large number of points.

(b) Delay Time. Various rules are given in the literature
regarding the choice of the delay time. Grassberger and Pro-
caccia (1983) and Tam and Devine (1991) suggested that it be
based on the first zero-crossing, the first minimum of the au-
tocorrelation function, or the first minimum of the mutual
information function. On the other hand, van den Bleek and
Schouten (1993) chose the time delay as simply the time in-
terval between successive points in their time series. In our
case for d =15 with M =1,000 (randomly selected) and cal-
culations repeated twenty times, log(C(r))/log(r) converges
to a constant value when the time delay is greater than about
0.11 s, similar to the first zero-crossing time of the autocorre-
lation function or the time of the first minimum of the auto-
correlation function, whichever occurs first. The delay time
has therefore been based on this criterion.

(c) Embedding Dimension. The dimension of the embed-
ding state space should be large enough to encompass the
complete reconstructed attractor. Takens (1981) showed that
embedding with d >2D, +1 is sufficient to ensure faithful
complete evolution of the attractor in reconstructed state
space. In this study, a constant slope is observed at d = 12. A
higher value d =15 has been utilized in this work. In most
cases, this also satisfies Takens’ criterion.

(d) Effect of Noise. Time signals from natural phenomena
are subject to noise which can significantly increase the cor-
relation dimension in nonlinear time-sequence analysis (Lacy
et al,, 1991). In this study, a low-pass filter set at 20 Hz has
been used in data sampling. In addition, numerical smooth-
ing was applied to further eliminate low amplitude and high
frequency noise.

Typical logarithmic plots of C(r) vs. r for FCC particles
using the standard Grassberger-Procaccia (1983) method ap-
pear in Figure 4a. To reduce the autocorrelation effect that
may exist for limited time-series data, Theiler (1986) modi-
fied the standard Grassberger and Procaccia algorithm by in-
troducing a cutoff parameter W, thereby improving the con-
vergence of the standard correlation algorithm toward its
N — o limit. This modification is incorporated in Figure 4b
with W = 12. Whether or not the Theiler modification is in-
cluded, there exist two distinct linear sections of nonzero
slope separated by a transition region, except for the optical
signals at U =1.73 m/s where the two slopes at low r appear
to converge. Except in the last case, two correlation dimen-
sions can be derived from each curve with correlation coeffi-
cients higher than 0.98. The higher dimension at a small scale
probably corresponds to particle motion, which generates high
frequency, small-scale voidage oscillations in the dense phase.
The lower dimension at a large scale probably results from
the motion of voids, which generate low frequency, large-scale
fluctuations. For FCC particles at U = 1.73 m/s, the local flow
structure in the bed center is dominated by dispersed parti-
cles and only one correlation dimension is identified from the
optical probe.

The correlation dimensions are given in Table 1 for the
three measurement methods and different operating condi-
tions. The error bands were given by the numerical regres-

Vol. 43, No. § 1359



log(C(1) ()

1 1

-1t -1t

-3t -3t

-5t -5t

_7 E. M N _7 i i e

-1.5 -1.0 -0.5 0.0 0.5 -1.5 -1.0 -0.5 0.0 0.5

log(r) (-) log(r) (-)
(@) (b)

Figure 4. Logarithmic plots of correlation integral as a
function of radius for FCC particles: (a) stan-
dard Grassberger-Procaccia method (1983);
(b) modified Grassberger-Procaccia method
(Thieler, 1986) (W =12).

Delay time is derived from the first zero-crossing time of the
autocorrelation function; d =15. Open squares: U=0.17
my/s; solid circles: U = 0.8 m/s; open circles: U =1.73 m/s.
aP denotes absolute pressure fluctuations; dP denotes dif-
ferential pressure fluctuations; OP denotes local voidage
fluctuations.

sion of the linear parts of the correlation integral curves, and
correspond to 95% confidence intervals. The values of D,
for both absolute and differential pressure fluctuations are
seen to be quite close to each other and to be higher than
those corresponding to local voidage fluctuations measured
by the optical probe. With increasing superficial gas velocity,
D,, appears to reach a minimum at the transition from the
bubbling to the turbulent fluidization regime. D,, generally
decreases as the superficial gas velocity is increased as the
bed passes from bubbling through slugging to the turbulent
and fast fluidization regimes, that is, the bubble motion be-
comes less predominant. Both D, and D,, are higher for
FCC particles than for sand, suggesting greater complexity of
fluidization for group A particles than for group B particles.

Discussion

To confirm the multiple slopes in the correlation integral
plots, a method similar to that of Ben-Mizrachi et al. (1984),
who added low-amplitude random noise to deterministic
chaos (using the Lorenz attractor), was generated and ana-
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Table 1. Estimated Properties and Dimensions for FCC and
Sand Particles in Different Fluidization Regimes

Flow

U (m/s) Probe Voidage* K D, D., Regime**

FCC Particles
aP NA 35 7.76+0.43 6.55+0.19 Bubbling

0.17 dpP 0.49 1.9 7254031 642+0.17
opP 060 22 586+0.24 6.184+0.20

aP NA 29 732+0.34 6.4210.16 Turbulent
0.80 dp 055 32 6.17+£037 5164022
op 0.65 1.6 5614030 6.23+0.15

aP NA 23 751£055 5781035 Fast
1.73 dp 074 2.8 7421039 5.03+0.28
OP 084 09 7.74+0.12 -—

Sand Particles

0.17 dp 049 2.6 6.81+0.12 5.67+0.08 Bubbling
OP 067 2.1 5.60+0.09 516+0.15

0.80 dp 054 2.7 494+0.10 4.75+0.05
OP 0.75 2.0 4.82+0.07 5.20+0.09

1.79 dp 0.63 2.2 5.34+0.18 4.13+0.03 Turbulent
0) 4 0.79 1.7 6.04+0.15 5.64+0.12

Slugging

*Voidage is expected to be larger for the OP signals since these are local
values along the axis of the column while dP signals reflect the entire
cross section.

**Based on correlations of Bi and Grace (1995) and Bi et al. (1995).

aP denotes absolute pressure; dP denotes differential pressure; OP de-

notes optical probe; NA is not applicable.

lyzed with our computer program. The superimposed nature
of the signal was revealed, with the part related to the noise
showing an increasing slope with increasing embedding di-
mension, while the part arising from the Lorenz attractor
corresponded to the correct correlation dimension of D, =
2.16. In our case we conjecture that the two slopes arise from
the separate phases of low-velocity fluidized beds. Two-phase
gas-liquid flows have also been reported to be multidimen-
sional (Franca et al.,, 1991; Izrar and Lusseyran, 1993). Franca
et al. (1991) identified two correlation dimensions in the an-
nular flow regime for horizontal transport. The authors spec-
ulated that large-scale signals (D, =1) came from surface
waves while small-scale signals (D,; = 6) originated from
rolling waves. Izrar and Lusseyran (1993) identified two cor-
relation dimensions in a countercurrent vertical transport line,
with D_, = 7 for small-scale signals and D, = 3 for large-scale
signals. The small-scale signals were attributed to waves of
small amplitude from turbulent film flow, while the large-scale
signals were ascribed to liquid surface waves.

Bubbling and slugging gas-solids fluidized beds consist of
two distinct phases: a bubble/void phase and an emulsion
phase. It has been shown (van den Bleek and Schouten, 1993;
Daw and Halow, 1991) that both particle motion and bubble
motion can produce chaotic behavior. The optical fiber probe
registers fluctuations from both the voids and the emulsion
phase, with large-scale low frequency signals from bubble
motion superimposed on small-scale, high frequency signals
from the particle /emulsion motion. Absolute and differential
pressure fluctuations, on the other hand, are dominated by
signals from bubbles inside (and, in the case of absolute pres-
sure measurements, outside) the measurement interval. D,
from the optical fiber probe is less than from the differential
pressure fluctuation measurements, suggesting that the high
frequency small-scale pressure waves are more complex than
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the local voidage oscillations. Beyond the turbulent regime,
much of the two-phase character is lost, and this may explain
the single correlation dimension for FCC particles at the
highest U.

Conclusions

Differences between absolute and differential pressure
fluctuations and local voidage fluctuations lead to significant
differences in power spectrum distribution diagrams, auto-
correlation function diagrams, largest Lyapunov exponents,
and correlation dimensions. Local voidage traces include both
small-scale, high-frequency signals corresponding to local
dense phase particle motion and low frequency, large-scale
fluctuations due to the passage of voids and large-scale ag-
gregates. Pressure fluctuation measurements reflect bubble
motion and local disturbances induced by void interactions
and propagating pressure waves. Two correlation dimensions
are found in bubbling, slugging, and turbulent fluidized beds.
The higher one, corresponding to small-scale fluctuations,
probably represents particle motion and local turbulence,
while the lower one, corresponding to large-scale fluctua-
tions, reflects bubble motion or other large-scale phenomena.
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